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The World of Imaginary Numbers

1. Introduction

We meet imaginary numbers for the first time in the
solutions of quadratic equations. There is no such
in the real numbers that, multiplied by

— 1. So,

number

itself, makes the world of numbers is

extended to complex numbers including the imaginary
unit v—1=1i. But it is difficult for us to have a

clear image of imaginary numbers. Are imaginary

numbers just a technique of calculation? Are they a
mathematical fiction that does not reflect the real

world? In this article, I would like to approach

the reality of imaginary numbers by tracing the

rotations in the complex plane, Euler’ s formula,

and Schrodinger equation.
2. Complex Plane
A complex number consists of the real part and the

imaginary part. In the complex plane, the

horizontal axis is the real axis, whereas the

vertical axis is the imaginary axis. Using the

angle (argument) ¢ it makes with the real axis, a

complex number is also represented in the polar

form: a4+ bi =va?+ b2(cosf +isinf) . Calculating
the product of complex numbers wusing the
addition/subtraction formulas of trigonometric

functions, the argument of the product of the

complex numbers is the addition of the arguments of
each complex number. Therefore, the
counterclockwise rotation by 60° around the origin
in the complex plane is represented by cos60°+

isin60°:%+\/2—§i. Now, let’ s find the point you get

if you rotate 1++/3i counterclockwise by 60° around
in Figure, the

the origin. As seen figuratively

—14++3i .

confirm that (1+\/§i)(%+

By calculation we can also

V3.
—1
2

point is
)=—1+\/§i. Applying
this to the real plane, if you rotate the point (1,
V3) counterclockwise by 60° around the origin, you
get the point (—1, V3).

Indeed, we can easily find the rotation in the

real plane by moving to the complex plane once and
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calculating it there. The operation of

multiplication by /7 <can be seen as the
counterclockwise rotation by 90° around the origin
If this there is,

in the complex plane. is all

however, imaginary numbers would be dispensable. We
can do the same thing by using the rotation matrix
even if it makes the calculation more complicated.
The operation of multiplication by complex numbers
can be visualized as the rotation in the complex

plane to some degree. But imaginary numbers are not

exempt from the blame that they are just a
computational technique.

3. Euler’ s Formula

To see that imaginary numbers are not just a

computational technique but do have a mathematical

meaning, we shall examine Euler’ s formula. A

function f(x) can be represented by the infinite
power series of x and is called Taylor expansion.

The following is Taylor expansion of the

exponential function e*.

xZ x3 x4 5

x—-l X X
et = +ij+§T+§T+ZT+§T+“'
Also, Taylor expansions of cosine and sine are as
follows.
. %2 | ek
CoOSXx = ET+ZT—
Lo X %
&nx—ij—§T+§T

Substitute an imaginary number 7¢ into the

power x of the exponential function e*.

o i6  (i6)?> (i6)® (i6)* (i)
et=ltrt Y Ya T
e 8% ie® et ie°
=t wtate

i 62 4 (8 83 @5
- 1_ET+ZT_M +l.ﬂ_§T+§T_“

Thus, dividing Taylor expansion of e® into its real



and imaginary part, we can find that the real part
equals Taylor expansion of cosine and the imaginary
part equals Taylor expansion of sine. It follows
from this that e =cos@ +isinf. In this formula,
the exponential and trigonometric functions are
united using imaginary numbers. By the way, put &
= 7 into Euler’ s formula and you can get famous
Euler’ s identity, that is ei™ = —1.

Euler’ s formula shows that the exponential
and trigonometric functions, which are separated in
the world of real numbers, are combined into one in
the world of complex numbers. We could say that

imaginary numbers have a mathematical meaning
beyond just an art of computation.

4. Schrodinger Equation

Furthermore, imaginary numbers play an essential

role in quantum mechanics, which gives us a clue
when we consider the meaning of imaginary numbers.
The wave functions can be represented by complex
numbers owing to the fact that cosine and sine are
integrated into the exponential function as we have
formula above. In the wave

seen in Euler’ s

functions of ordinary waves, the real and imaginary
part of a complex number are considered separately
so the use of complex numbers is not essential. On
the other hand, in the wave functions of the

solutions of Schrédinger equation, which is the

basic principle of quantum mechanics, the use of

complex numbers is essential. This is because the

wave functions must satisfy both de Broglie’ s
formula and Einstein’ s formula at the same time.
The wave functions containing imaginary numbers are
called ghost waves because they are unobservable.
In the world of quantum, there are phenomena like
wave-particle duality and a state of superposition
where a photon or an electron passes through two
slits at the same time. They can never happen in
the ordinary world. The fact that complex numbers
are indispensable to describe such micro phenomena
that, the wave

is considered to show even if

functions are not observable, imaginary numbers
reflect the real structure of the world.

5 Conclusion

The meaning of imaginary numbers can be visualized
as the rotations in the complex plane to some

degree, but imaginary numbers are not exempt from
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the blame that they are just a technique of

calculation. It might fall short of the claim to
the reality of imaginary numbers. When we encounter
the fact that the exponential and trigonometric
imaginary numbers

that

functions are connected through

in Euler’ s formula, however, it seems

imaginary numbers are not just a mathematical

fiction but mathematically meaningful.

that the

Moreover,

considering wave functions of the

solutions of Schrodinger equation uses complex
numbers in an essential manner, we could say that

imaginary numbers are not just “imaginary” but
the ones that underlie the ordinary world.
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