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Counting the *infinite
1. Introduction
The infinite is an indispensable concept for us to
indeed hard to

construct a world view, but it is

deal with scientifically. Mathematics, which has

developed by taking in the infinite, provides a
deep insight to the question of what the infinite
is. How can we, finite beings, get access to the
infinite? In this article, by focusing on the basic
we shall examine

objects of mathematics, numbers,

how mathematics approaches the infinite and what

the world looks like from the viewpoint of
mathematics.

2. The System of Numbers

The system of numbers begins with natural numbers.
It" s expanded first to *integers by adding 0 and
next to rationals by adding

negative integers,

fractions, then to reals by adding irrationals and
finally to *complex numbers by adding *imaginary
numbers.
3. The Definition of the Infinite
Mathematically speaking, the infinite is defined by
sets. A set consists of the elements belonging to
it. A *subset of a set S is a set that contains no,
some or all of the elements of S. In general, there
are 2" subsets in a set consisting of n elements. So,
the set of all the subsets of a set S is called the
spower set of S. A *proper subset of a set S is a
subset that is not equal to S itself

Applying the theory of sets, Dedekind defines
the infinite strictly. An infinite set contains a
in one-to-one

The set of

proper subset that can be put

correspondence with the set itself
natural numbers is infinite because it can be put
in one-to-one correspondence with its proper subset,
e.g., the set of *even numbers.
4. Countable and Uncountable

There is a gap between the infinite of rationals
and the infinite of reals. The set of rationals can
be put in one-to-one correspondence with the set of

natural numbers, whereas the set of reals cannot be
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put in one-to-one correspondence with the set of

natural numbers. Cantor proved this by the

celebrated *diagonal argument. The size of a set is
called *cardinality. He shows that the cardinality
of the set of reals is really greater than the
cardinality of the set of rationals.

is finite or

A set is *kcountable if it

kdenumerable. A denumerable set is an infinite set
that can be put in one-to-one correspondence with

the set of natural numbers. A set is #uncountable
if it is an infinite set that cannot be put in one-
of natural

to-one correspondence with the set

numbers. The distinction between countable and

uncountable is definitive in various fields of
mathematics. As a *cardinal is assigned to a finite

set in accordance with the number of its elements,

an infinite cardinal ¥, (reads as aleph null) is
assigned to a denumerable set. The set of reals has
the same cardinality as the power set of the set of

rationals. The cardinality of the set of reals is

2%. Then it is possible for us to think about the
power set of the set of reals and its power set and
so on and on, as we actually climb up the stair of
When all

the infinite. infinite cardinals are well-

ordered given the #*axiom of choice, the *continuum

hypothesis claims 2% = ¥, . This was the first

question of Hilbert’ s 23 open questions in
Godel’ s inner model proved that the

with the

mathematics.

continuum hypothesis is consistent

conventional axioms and Cohen’ s forcing proved
that the negation of the continuum hypothesis is

also consistent with the conventional axioms. The



final words on this issue have not been spoken vet.
5. Conclusion

From the aspect of the size of the infinite, the
the set of integers and the
but the set of

set of natural numbers,
set of rationals are all the same,
reals is distinct from them. The infinite is not
just unlimited but structured in multi-layers.
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